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In a recent work on rotating black hole shadows [Phys. Rev. D101, 084029
(2020)], we proposed a new approach for calculating size and shape of the shadows
in terms of astrometrical observables with respect to finite-distance observers. In
this paper, we introduce a distortion parameter for the shadow shapes and discuss
the appearance of the shadows of static spherical black holes and Kerr black holes
in a uniform framework. We show that the shape of the shadow of a spherical black
hole is circular in the view of arbitrary observers. And size of the shadows tends
to be shrunk in the view of a moving observer. The diameter of the shadows is
contracted even in the direction perpendicular to observers’ motion. This seems not
to be understood as length contraction effect in special relativity. The shape of Kerr
black holes is dependent on motional status of observers located at finite distance. In
spite of this, it is found that there is not a surrounding observer who could view the
shape of the Kerr black hole shadows as circularity. These results could be helpful
for observation of the Sagittarius A* in the centre of the Milky Way, as our solar
system is moving surround the centre black hole.
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2I. INTRODUCTIONS
It is well known that the shadow of a black hole could be used as a tool to seek for
evidence for exotic matter [1] or test specific gravity theory [2, 3], Lorentz violence [4] and
so on. Since the first image of a black hole was taken by Event Horizon Telescope [5], there
has been an increase in the number of researches on the black hole shadows.
The black hole shadows were firstly proposed by Synge [6] in Schwarzschild space-time.
For rotating black hole shadows, Bardeern firstly found that the spin of a black hole would
result in distortion of the shape of the shadows [7]. On the one hand, the studies about
size of shadows usually focused on the spherical black holes. One can consider the black
hole shadows in the expansion of the universe [8, 9] and coupled to or surrounded by given
matter fields [10–13]. On the other hand, the studies about shape of the shadows usually
involved rotating black holes. This is because the shapes of the shadows are closely related
to parameters of the rotating black holes. And as these parameters could be originated
from rotating regular black holes [14], various kind of parametrized Kerr-like black holes
[15, 16] or low-energy limit of string theory [17], modified gravity [2, 18, 19], given matter
field [4, 20–26] of a rotating black hole, one might expect the parameters of a black hole can
be constrained from observation of the shadows.
Compared with the usages of the black hole shadows as an observable in various situations,
there seem less progresses in analytic approaches for calculating the shadows, especially
in the case of rotating black hole shadows with respect to finite-distance observers. In
the 1970s, Bardeen firstly calculated Kerr black hole shadow by making use of orthogonal
tetrads adapted to zero angular momentum observers (ZAMOs) [7]. This approach was still
used in recent works [16, 27]. Also, using orthogonal tetrads adapted to Carter’s observers,
Grenzebach et al. considered the Kerr-like black hole shadows for finite-distance observers
[28]. And this approach was also used in the Refs. [29–32]. In these approaches, a set of
orthogonal tetrads should be adopted so that the shadow of a black hole can be calculated
at local. Alternatively, there is another approach for calculating the shadow of a black hole
without using orthogonal tetrads [33]. The information about appearance of the shadows
can be expressed in terms of astrometrical observables with respect to given observers. For
the orthogonal tetrads approach and the astrometrical observable approach, it is, however,
not clear whether they are consistent with each other. This motivates us to seek for a more
3careful comparison.
In addition, as also suggested in Ref. [33], the shape of a rotating black hole is dependent
on observers’ motional status. Thus, in this paper, we would further verify this suggestion
in a more rigorous manner, and then study whether the shapes of the shadows are different
when using different approaches we mentioned above.
This paper is organized as follows. In section II, using the astrometrical observables, we
introduce a distortion parameter that can quantify the distortion of the shape of the shadows
from circularity. In section III, by making use of the distortion parameters, we prove that the
shape of static spherical black hole shadows is independent on motional status of observers.
And then we turn to study the size of the spherical black hole shadows for different observers.
In section IV, we show that the shape of the shadows of Kerr black holes is highly dependent
on motion status of observers. And we find that the shapes of the shadows calculated with
orthogonal tetrad approaches and astrometrical observable approaches are different in strong
gravitational field regime. In section V, conclusions and discussions are summarized.
II. DISTORTION PARAMETERS OF BLACK HOLE SHADOWS FROM
CIRCULARITY
In this section, we would briefly review the approach of calculating black hole shadows
using astrometrical observables. And then, we would introduce a parameter that can quan-
tify the distortion of the shadows deviated from circularity. Here, we consider the most
interesting case that observers located at equatorial plane.
As shown in Ref. [33], the size and shape of the shadow of a black hole can be expressed
in terms of astrometrical observables (α, β, γ) in celestial sphere. Namely, for the light rays
k, w and l from photon region of a black hole, the observables in astrometry are the angles
between these light rays,
cos γ =
k · w
(u · k)(u · w) + 1 , (1)
cosα =
k · l
(u · k)(u · l) + 1 , (2)
cos β =
l · w
(u · l)(u · w) + 1 , (3)
where u is observer’s 4-velocity and k · w ≡ gµνkµwν . The schematic diagram is shown in
4Figure 1,
FIG. 1: Schematic diagram of black hole shadows in terms of astrometrical observables in
celestial sphere, where the angles between light rays from photon region are α ≡ ∠BOC,
β ≡ ∠AOC and γ ≡ ∠AOB, and the celestial coordinates of point C are Ψ ≡ pi/2− ∠COD
and Φ ≡ ∠BOD.
One can transform the α, β and γ into celestial coordinates of point C,
Ψ =
pi
2
− arcsin
sin(β)
√
1−
(
cosα− cos β cos γ
sin β sin γ
)2 , (4)
Φ = γ − arccos
(
cos β
cos
(
pi
2
−Ψ)
)
. (5)
The boundary of the shadows is determined by taking all the points of C in celestial coor-
dinates. In order to study the shape of the shadows in 2-dimensional plane, stereographic
projection is usually used [28, 33],
Y =
2 sin Φ sin Ψ
1 + cos Φ sin Ψ
, (6)
Z =
2 cos Ψ
1 + cos Φ sin Ψ
. (7)
5Here, we can introduce a distortion parameter Ξ in terms of α, β and γ,
cos Ξ ≡ cos(∠BCA) = 1 + cos γ − cosα− cos β
2
√
(1− cosα)(1− cos β) , (8)
where Ξ ranges from 0 to pi. The cos Ξ ≡ 0 indicates that shape of shadows is circular in
the celestial sphere. For the non-vanished cos Ξ, it can quantify distortion of shape of the
shadows from circularity.
III. SHADOW OF SPHERICAL BLACK HOLE QUANTIFIED THE
DISTORTION PARAMETERS
In this section, we would study spherical black hole shadows with the distortion parameter
Ξ. We consider metric of a static spherical black hole in the form of
ds2 = −A(r)dt2 +B(r)dr2 + r2(dθ2 + sin2 θdφ2) . (9)
By making use of the metric, one can obtain 4-velocities of light rays from null geodesic
equations,
p0
E
=
1
A
, (10)
p1
E
=
1
B
√
E2
(
B
A
− K
E2
B
r2
)
=
√
1
AB
− κ
Br2
, (11)
p2
E
=
1
Er2
√
K − L
2
sin2 θ
=
1
r2
√
κ− λ
2
sin2 θ
, (12)
p3
E
=
L
Er2 sin2 θ
=
λ
r2 sin2 θ
, (13)
where E, L and K are integral constants from null geodesic equations. And the L and
K have been substituted by κ ≡ K
E2
and λ ≡ L
E
, respectively. For the shadow of a black
hole, the κ is determined by photon sphere of the black hole, namely,
(
dr
dλ
)
rph
= 0 and(
d2r
dλ2
)
rph
= 0. And the range of λ is determined by κ− λ2
sin2 θ
> 0. All these lead to
κ =
r2sp
A(rsp)
, (14)
λ2 6
r2sp sin
2 θ
A(rsp)
, (15)
where rsp is determined by solving equation rA
′ − 2A = 0.
6A. Shape of spherical black hole shadows for arbitrary observers
As the spherical symmetry of the black holes, we could consider observers in the equatorial
plane θ = pi
2
for simplicity. In order to study the shape of the shadows in the view of given
observer uµ = (u0, u1, 0, u3), we can calculate the distortion parameter Ξ, directly,
cos Ξ =
1 + cos γ − cosα− cos β
2
√
(1− cosα)(1− cos β)
=
1
2
√
(1− cosα)(1− cos β)
(
(k · l)(u · w) + (w · l)(u · k)− (k · w)(u · l)
(u · l)(u · k)(u · w)
)
=
1
2(u · l)(u · k)(u · w)√(1− cosα)(1− cos β) (u0 ((g00k0l0 + g11k1l1 + g33k3l3)w0
+(g00w
0l0 + g11w
1l1 + g33w
3l3)k0 − (g11k0w0 + g11k1w0 + g33k3w3) l0)
+u1
((
g00k
0l0 + g11k
1l1 + g33k
3l3
)
w1
+
(
g00w
0l0 + g11w
1l1 + g33w
3l3
)
k1 − (g11k0w0 + g11k1w1 + g33k3w3) l1)
+u3
((
g00k
0l0 + g11k
1l1 + g33k
3l3
)
w3
+
(
g00w
0l0 + g11w
1l1 + g33w
3l3
)
k3 − (g00k0w0 + g11k1w1 + g33k3w3)l3
))
=
u0 × 0 + u1 × 0 + u3 × 0
2(u · l)(u · k)(u · w)√(1− cosα)(1− cos β)
= 0 , (16)
where we have inverted the 4-velocities of light rays from Eqs. (11)-(13),
kµ = pµ|
κ=
r2sp
A(rsp)
,λ=
rsp√
A(rsp)
, (17)
wµ = pµ|
κ=
r2sp
A(rsp)
,λ=− rsp√
A(rsp)
, (18)
lµ = pµ|
κ=
r2sp
A(rsp)
,λ
. (19)
It shows that Ξ ≡ pi
2
is independent on observers’ 4-velocities. For spherical black holes, we
can conclude that the shape of the shadows of static spherical black holes is circular in the
view of arbitrary observers.
B. Size of the shadows for different observers
Since the shape of the shadows is circular for arbitrary observers, the size of them can
be described by the angular diameter γ without ambiguity. From Eq. (1), one can obtain
7relation between angular diameters γ(A) and γ(B) for different observers A and B,
sin
(
γ(A)
2
)
= sin
(
γ(B)
2
)√
(u(B) · k)(u(B) · w)
(u(A) · k)(u(A) · w) . (20)
For the sake of intuition, we consider the 4-velocities of the observers A and B in the form
of
u(B) = −
√
Adt , (21)
u(A) = −
√
r3∂1 ln
√
A
1− r∂1 ln
√
A
dt+
√
A
1− r2∂1 ln
√
A
dφ . (22)
They are static and geodesically surrounding with respect to the centre black hole, respec-
tively. And we can rewrite Eq. (20) as
sin
(
γ(A)
2
)
= sin
(
γ(B)
2
)√
1− r∂1 ln
√
A
1− Aκ
r
∂1 ln
√
A
. (23)
In Figure 2, we plot the angular diameters as function of observers’ radial coordinate r in
Schwarzschild space-time. One may find that the motion of observers would lead to decrease
of size of the shadows. As known that the shape of the shadows is circular, the diameter
of the shadows in the direction perpendicular to the observers’ motion should also decrease.
It is noticed that this is hard to be understood as the length contraction effect in special
relativity.
In Figure 3, we present the ratio sin(γ(A)/2)/ sin(γ(B)/2) as function of observers’ radial
coordinate r in Schwarzschild space-time. It shows that the ratio is not monotonic. And
the extreme point of it is
rex =
3rs
2
(√
7− 1
)
, (24)
where rs is Schwarzschild radius. It suggests that the rex might be used to divide near
region and far region of a black hole. In the far region, the propagation effect of light would
dominate. As the speed of the observers increases, contraction of the size of the shadows in
the view of these observers also increase. While, in the near region, the propagation effect
of light turn to be not important. In this region, the space-time tends to be absolute.
IV. KERR BLACK HOLE SHADOWS FOR SURROUNDING OBSERVERS
We have shown that the shape of a spherical black shadow is independent on motional sta-
tus of observers. However, as suggested in Ref. [33], it seems not true for rotating black hole
8static observers
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FIG. 2: Angular diameters as function of observers’ radial coordinate r in Schwarzschild
space-time for selected observers.
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FIG. 3: Ratio sin(γ(A)/2)/ sin(γ(B)/2) as function of observers’ radial coordinate r in
Schwarzschild space-time for observers A and B.
shadows. In this section, we turn to rotating black hole shadows in the view of surrounding
observers by making use of the astrometrical observable approach. Here, for simplicity, we
consider Kerr black holes as an instance,
ds2 = −∆
Σ
(dt− a sin2 θdφ)2 + sin
2 θ
Σ
(adt− (r2 + a2)dφ)2 + Σ
∆
dr2 + Σdθ2 , (25)
9where
∆ = r2 − 2Mr + a2 , (26)
Σ = r2 + a2 cos2 θ . (27)
From null geodesic equations, the 4-velocities of light rays take the form of
Σp0 = E
(
(r2 + a2 − aλ)(r2 + a2)
∆
+ a(λ− asin2θ)
)
, (28)
(Σp1) = R(r) , (29)
(Σp2) = Θ(θ) , (30)
Σp3 = E
(
a(r2 + a2)− a2λ
∆
+
λ− asin2θ
sin2 θ
)
, (31)
where
R(r) ≡ E2((r2 + a2 − aλ)2 −∆κ) , (32)
Θ(θ) ≡ E2
(
κ− (λ− asin
2θ)2
sin2 θ
)
, (33)
and
λ ≡ L
E
, (34)
κ ≡ K
E2
. (35)
The integral constants λ and κ are determined by photon region of Kerr black holes,
λ(rc) =
1
a
(
r2 + a2 − 4r∆
∆′
)
r=rc
, (36)
κ(rc) =
(
16r2∆
(∆′)2
)
r=rc
. (37)
And the range of rc is determined by Θ(θ) > 0, namely,
((4r∆r − Σ∆′r)2 − 16a2r2∆r sin2 θ)r=rc 6 0 . (38)
These results has been studied carefully in preview works [7, 28].
A. Shadow in the view of surrounding observers
The most interesting and simplest surrounding observers are those located at equatorial
plane θ = pi
2
. Here, more specifically, we consider the shadows in the view of geodesic
observers, ZAMOs and Carter observers as representative cases.
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1. Geodesic observers
From geodesic equations and d
2r
dτ2
= dr
dτ
= 0, we have
Ω± ≡ u
3
u0
= ∓
√
M
r3
+
aM
a2M − r3
(
1
2
±
√
a2M
r3
)
, (39)
where ± represent anticlockwise and clockwise motion of the geodesic observers. Associated
uµuµ = −1, the 4-velocities take the form of
ugeo,± =
1√−g00 − 2g03Ω± − g33Ω2∂0 + Ω±√−g00 − 2g03Ω± − g33Ω2±∂3 . (40)
In Figure 4, we present the Ξ as function of Φ
γ
for observers ugeo,− at selected position
r and corresponding shape of the shadows. It shows that the distortion of shadow would
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FIG. 4: Left panel: Distortion parameter Ξ of the shadows as function of Φγ for observers ugeo,−
at selected position r. Right panel: The corresponding shape of shadows in left panel.
Here, the spin parameter a = 1− 10−3.
increase with observers’ radial coordinate r. And the shape of shadows seems very closed to
each other. Without the distortion parameter Ξ, it seems difficult to quantify the difference
of shape of these shadows.
We also present the Ξ as function of Φ
γ
in the view of observers ugeo,+ in Figure 5. It’s
interesting to find that the shape of the shadows tends to be circular when the surrounding
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observers are closed to the Kerr black holes. It provides a picture that the observers might
not find distortion of the shadows from circularity, if they are co-rotating with the Kerr
black hole, closely.
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FIG. 5: Left panel: Distortion parameter Ξ of the shadows as function of Φγ for observers ugeo,+
at selected position r. Right panel: The corresponding shape of shadows in left panel.
Here, the spin parameter a = 1− 10−3.
2. zero angular momentum observers
In the first paper on rotating black shadows, Bardeen calculated the Kerr black hole
shadows with orthogonal tetrads in the view of ZAMOs,
uZAMO =
1
r
√
(r2 + a2)2 − a2∆
∆
∂0 +
2aM√
∆((r2 + a2)2 − a2∆)∂3 . (41)
Here, we alternatively calculate the Kerr black hole shadows with astrometrical observables
in the view of ZAMOs.
In Figure 6, the Ξ as function of Φ/γ for selected observers and corresponding shape of
the shadows are presented. It shows that the distortion of the shadows increases with radial
coordinate r. The results seem different from that obtained by Bardeen [7, 33]. We would
12
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FIG. 6: Left panel: Distortion parameter Ξ of the shadows as function of Φγ for observers uZAMO
at selected position r. Right panel: The corresponding shape of shadows in left panel.
Here, the spin parameter a = 1− 10−3.
further compare Bardeen’s approach with the astrometrical observable approach in the next
section.
3. Carter’s observers
Also, we consider Carter observers that take the form of
ucar =
r2 + a2
r
√
∆
∂0 +
a
r
√
∆
∂3 . (42)
This type of observers is firstly used by Grenzabach for calculating Kerr-like black hole
shadows in orthogonal tetrads. Here, we alternatively calculate the Kerr black hole shadows
with astrometrical observables in the view of Carter’s observers.
In Figure 7, we present the Ξ as function of Φ/γ for the selected observers and corre-
sponding shape of the shadows. It also shows that the distortion of the shadows increases
with observers’ radial coordinate r.
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FIG. 7: Left panel: Distortion parameter Ξ of the shadows as function of Φγ for observers uCar at
selected position r. Right panel: The corresponding shape of shadows in left panel. Here,
the spin parameter a = 1− 10−3.
4. Comparisons
In order to compare all the types of the observers, we present the Ξ as function of Φ
γ
for
these observers at position r = 5M and 14M in Figure 8. For all the types of the observers
Φ
γ
. 0.1, the shapes of shadows are highly deviated from circularity. For all the types of
the observers in the far region, the shape of the shadows tends to be the same with each
other. The distortion of shadows in view of static observers, ZAMOs and Carter observers
are between those in view of geodesic observers ugeo,+ and ugeo,−. We can conclude that the
distortion of Kerr black hole shadows is dependent on motion status of observers, especially
for those in the near region. It’s different from spherical black holes.
B. Is there a surrounding observer that could view the shape of Kerr black hole
shadows as circularity?
As the shapes of Kerr black hole shadows are dependent on motional status of observers,
one might question if there is a special type of surrounding observers that could view the
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shape of Kerr black hole shadows as circularity. In order to response to this problem, we
have to look for a solution of equation cos Ξ ≡ 0 for surrounding observers u = (u0, 0, 0, u3),
cos Ξ =
1 + cos γ − cosα− cos β
2
√
(1− cosα)(1− cos β)
=
1
2(u · l)(u · k)(u · w)√(1− cosα)(1− cos β) (u0 (l0(−g00k0w0 + g11k1w1 + g33k3w3)
+l1
(−g11k1w0 − g11k0w1)+ l3(−g33k3w0 − g33k0w3 − 2g03k0w0))
+u3
(
l0(−g00k0w3 − g00k3w0 − 2g03k3w3)
+l1
(−g11k1w3 − g11k3w1)+ l3(g00k0w0 + g11k1w1 − g33k3w3))) , (43)
where
kµ = pµ|κ(rc,min),λ(rc,min) , (44)
wµ = pµ|κ(rc,max),λ(rc,max) , (45)
lµ = pµ|κ(rc),λ(rc) . (46)
As cos Ξ ≡ 0 should be independent on rc, we can find a solution in the form of
u3
u0
= −k
1w0 + k0w1
k1w3 + k3w1
. (47)
It can be rewritten as
u3
u0
= −w0k
1 + k0w
1
w3k1 + k3w1
= −
1 +
√
R(r)|rc,max
R(r)|rc,min
λ(rc,min) + λ(rc,max)
√
R(r)|rc,max
R(r)|rc,min
. (48)
There seems to be a type of surrounding observers so as to cos Ξ ≡ 0. However, if considering
the inner product of the 4-velocities, we have
u · u = g00(u0)2 + g33(u3)2 + 2g03(u3)2
= (u0)2
(
g00 + g33
(
u3
u0
)2
+ 2g03
(
u3
u0
))
> 0 , (49)
It indicates that this type of observers is space-like or super-luminal. Thus, there is not
a physical surrounding observer that could view the shape of Kerr black hole shadow as
circularity. It might suggest that it is difficult for a telescope to ignore spin of a Kerr black
hole. And in the point of view of black hole shadows, the Schwarzschild and Kerr black
holes are shown to be very different.
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V. COMPARISON WITH ORTHOGONAL TETRAD APPROACHES
In section IV, we have calculated the Kerr black hole shadow with astrometrical observ-
able for given observers. As suggested in Ref. [33], this approach could be different from
orthogonal tetrad approaches [7, 28].
In order to compare these approaches, we use a distortion parameter for the shadows in
2D-plane [17, 33],
δ ≡ 1− Dmin
Dmax
. (50)
In the pioneer work of Bardeen [7], the Kerr black hole shadow was calculated with respect
to ZAMOs in orthogonal tetrads. We can alternatively calculate the shadow in the view of
ZAMOs with astrometrical observables. In Figure 9, we present the distortion parameter δ of
the shadows as function of ZAMOs’ radial coordinate r using these two approaches. It shows
that the distortion parameter δ increases with observers’ radical coordinate r in astrometric
observables approaches. It is contracted with Bardeen’s result. We might think the difference
raised from that Bardeen’s approach is not equipped with stereographic projection.
In the work of Grenzebach et al. [28], the Kerr black hole shadow was calculated with
respect to Carter’s observers in orthogonal tetrads. In their approach, the stereographic
projection is used. Thus, it would be fair to compare the astrometrical observables ap-
proaches with theirs. In Figure 10, we present the distortion parameter δ of the shadows as
function of Carter observers’ radial coordinate r using these two approaches. It shows that
the distortion parameter increases with observers’ radical coordinate r in both approaches.
Although the results in different approaches are closed to each other, in principle, they are
different.
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we utilized the approach for calculating size and shape of the black hole
shadows in terms of astrometrical observables. The size and shape of the shadow of static
spherical black holes and Kerr black holes were discussed in a uniform framework. In order
to study the shape of the shadows, we introduced a distortion parameter that can quantify
the distortion of shadow from circularity. We showed that the shape of the shadow of a
spherical black hole is circular in the view of arbitrary observers. For size of the shadows,
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it tends to be shrunk in the view of a moving observer. In this situation, the diameter of
the shadows is contracted even in the direction perpendicular to observers’ motion. This
seems not to be understood as length contraction effect in special relativity. On the other
side, the shape of Kerr black holes is shown to be dependent on motional status of observers
located at finite distance. In spite of this, it is found that there is not a surrounding observer
that could view the shape of the Kerr black hole shadows as circularity. As the space-time
geometry with respect to this type of observers could be simple, we might expect that there
could be the observers in other rotating black holes. In final part of this paper, we also
compared our approach with preview works. And we could conclude that the orthogonal
tetrads approaches [7, 28] and astrometrical observable approach for the shadows in the view
of finite-distance observers [33] are not consistent with each other.
Besides, we might expect that these results could be helpful for observation of the Sagit-
tarius A* in the centre of the Milky Way, as our solar system is moving surround the centre
black hole.
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FIG. 8: Top-left panel: Distortion parameter Ξ of the shadows as function of Φγ for selected
observers at position r = 4M. Top-right panel: The corresponding shape of shadows in
top-left panel. Bottom-left panel: Distortion parameter Ξ of the shadows as function of Φγ
for selected observers at position r = 14M. Bottom-right panel: The corresponding shape
of shadows in bottom-left panel. Here, the spin parameter a = 1− 10−3.
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FIG. 9: Distortion parameter δ of the Kerr black hole shadows as function of ZAMOs’ radial
coordinate r using the Bardeen’s approach and the astrometrical observable approach.
Here, we choose the spin parameter a = 1− 10−5
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FIG. 10: Distortion parameter δ of the Kerr black hole shadows as function of ZAMOs’ radial
coordinate r using the approach by Grenzabach et al. and the astrometrical observable
approach. Here, we choose the spin parameter a = 1− 10−5.
